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SUMMARY 
The minimum-mass s t r u c t u r a l  e f f i c i e n c y  curve is de te rmined  f o r  sandwich- 
b l a d e  s t i f f e n e d  composite compression p a n e l s  s u b j e c t e d  to  b u c k l i n g  and s t r e n g t h  
c o n s t r a i n t s .  High s t r u c t u r a l  e f f i c i e n c i e s  are a t t a i n a b l e  for t h i s  t y p e  of con- 
s t r u c t i o n .  A method of  a n a l y s i s  is p r e s e n t e d  f o r  t h e  b u c k l i n g  o f  p a n e l s  of  t h i s  
c o n f i g u r a t i o n  which shows t h a t  b u c k l i n g  of  such p a n e l s  is s t r o n g l y  dependent  on 
t h e  th rough- the - th i ckness  t r a n s v e r s e  s h e a r i n g  of  t h e  s t i f f e n e r .  Expe r imen ta l  
r e s u l t s  are p r e s e n t e d  from seven tes t  specimens made of  l a y e r e d  g raph i t e / epoxy  
having s t i f f e n e r s  of  sandwich c o n s t r u c t i o n  w i t h  a n  aluminum honeycomb core, and 
t h e r e  is good agreement between t h e o r y  and expe r imen t .  
INTRODUCTION 
De te rmina t ion  of t h e  minimum mass o f  a s t i f f e n e d  s t r u c t u r a l  p a n e l  con- 
s t r u c t e d  o f  l a m i n a t e d  f i l a m e n t a r y  m a t e r i a l s  to  c a r r y  a s p e c i f i c  compression 
l o a d  i n  t h e  p l a n e  of t h e  p a n e l  is an i m p o r t a n t  d e s i g n  problem i n  a e r o s p a c e  
a p p l i c a t i o n s .  S t i f f e n e d  p a n e l s  having open- sec t ion  s t i f f e n e r s  a r e  g e n e r a l l y  
e a s i e r  to  i n s p e c t  and f a b r i c a t e  than  p a n e l s  hav ing  c l o s e d - s e c t i o n  s t i f f e n e r s .  
Conven t iona l  open- sec t ion  s t i f f e n e d  p a n e l s  a r e  n o t  a s  e f f i c i e n t ,  however, a s  
c l o s e d - s e c t i o n  s t i f f e n e d  p a n e l s  ( r e f .  1). One way to i n c r e a s e  t h e  performance 
o f  open- sec t ion  s t i f f e n e d  p a n e l s  is by u s i n g  sandwich-blade s t i f f e n e r s .  I n  
t h i s  c o n f i g u r a t i o n  t h e  webs of  b l a d e  s t i f f e n e r s  a r e  composed of f a c e s  o f  high-  
s t r e n g t h  m a t e r i a l  bonded to  a low-dens i ty  core such  a s  aluminum honeycomb. By 
moving t h e  h i g h - s t r e n g t h  m a t e r i a l  o u t  f rom t h e  b l a d e  m i d s u r f a c e  t h e  c r i t i c a l  
t w i s t i n g  and l o c a l  buck l ing  s t r a i n s  can  be i n c r e a s e d  w i t h o u t  a p p r e c i a b l y  
i n c r e a s i n g  t h e  t o t a l  s t r u c t u r a l  mass. Some of t h e  advan tage  r e s u l t i n g  from mov- 
i n g  t h e  h i g h - s t r e n g t h  m a t e r i a l  o u t  from t h e  m i d s u r f a c e  is o f f s e t  by t h e  d e c r e a s e  
i n  s t i f f n e s s  due to one f a c e  s h e a r i n g  w i t h  r e s p e c t  to t h e  o t h e r .  T h i s  through- 
t h e - t h i c k n e s s  t r a n s v e r s e  s h e a r i n g  depends on t h e  s h e a r  s t i f f n e s s  o f  t h e  core. 
Simple,  c losed-form column and l o c a l  b u c k l i n g  fo rmulas  which t r ea t  v a r i o u s  
b u c k l i n g  modes i n d e p e n d e n t l y  a r e  a d e q u a t e  f o r  t h e  d e s i g n  o f  c l o s e d - s e c t i o n  con- 
f i g u r a t i o n s ,  such as t h e  h a t - s t i f f e n e r  c o n f i g u r a t i o n  ( r e f .  2 ) .  More s o p h i s t i -  
c a t e d  buck l ing  a n a l y s e s  a r e  r e q u i r e d ,  however, to  p r e d i c t  t h e  b u c k l i n g  behav io r  
of open- sec t ion  c o n f i g u r a t i o n s  due to t h e i r  more compl i ca t ed  s t i f f e n e r  t w i s t i n g  
and r o l l i n g  behav io r  ( r e f .  1). For a c o n v e n t i o n a l  s t i f f e n e d  p a n e l  a c t i n g  a s  a 
column, i n p l a n e  s h e a r i n g  s t i f f n e s s  of t h e  webs of t h e  s t i f f e n e r s  d e t e r m i n e s  t h e  
o v e r a l l  t r a n s v e r s e  s h e a r i n g  s t i f f n e s s  of  t h e  column. For a s t i f f e n e d  p a n e l  
w i t h  sandwich webs th rough- the - th i ckness  s h e a r i n g  s t i f f n e s s  of t h e  webs a s  w e l l  
a s  i n p l a n e  s h e a r i n g  s t i f f n e s s  of  t h e  webs m u s t  be c o n s i d e r e d .  I n  t h i s  r e g a r d  
f i n i t e - e l e m e n t  a n a l y s e s  are a v a i l a b l e  which i n c l u d e  a l l  t h e  e f f e c t s  needed. 
Such a n a l y s e s ,  however, t y p i c a l l y  have e x e c u t i o n  t i m e s  t h a t  are l o n g e r  t h a n  
d e s i r a b l e  f o r  t h e  many c a l c u l a t i o n s  r e q u i r e d  i n  a s t r u c t u r a l  e f f i c i e n c y  s t u d y .  
Accord ing ly ,  to  f i l l  t h i s  need, a s i m p l i f i e d ,  e f f i c i e n t ,  and r e a s o n a b l y  accu- 
r a t e  a n a l y s i s  h a s  been d e r i v e d  and is p r e s e n t e d  i n  t h i s  pape r  f o r  b u c k l i n g  of 
l a m i n a t e d  sandwich-blade st i f  f ened  p a n e l s .  
I n  a d d i t i o n ,  t h e  pape r  c o n t a i n s  a d e s i g n  procedure based on t h e  newly 
d e r i v e d  a n a l y s i s  which is used  to  d e t e r m i n e  t h e  minimum mass n e c e s s a r y  to  
c a r r y  a p r e s c r i b e d  r a t i o  of c o n p r e s s i v e  l o a d  to  p a n e l  l e n g t h  €or g raph i t e / epoxy  
sandwich-blade p a n e l s ,  and resu l t s  a r e  p r e s e n t e d  a s  s t r u c t u r a l  e f f i c i e n c y  p lo ts  
ani? a r e  compared w i t h  p r e v i o u s  r e s u l t s .  The d e s i g n  v a r i a b l e s  are t h e  p a n e l  
d imens ions  and p l y  t h i c k n e s s e s ,  an? t h e  c c n s t r a i n t s  are b u c k l i n g  and m a t e r i a l  
a l l o w a b l e  s t r e n g t h .  The v s l i d i t y  of t h e  a n a l y t i c a l  d e r i v a t i o n s  is e s t a b l i s h e d  
by comparison w i t h  a f i n i t e - e l e m e n t  s t r u c t u r a l  a n a l y s i s  and w i t h  t es t  r e s u l t s  
€or seven  t y p i c a l  p a n e l s .  
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MINIMUM-MASS PANEL DESIGN 
Design P rocedure  
A c o m p u t a t i o n a l  p r o c e d u r e  was developed f o r  t h e  d e s i g n  o f  minimum-mass 
sandwich-blade s t i f f e n e d  p a n e l s  loaded i n  a x i a l  compression.  Non l inea r  mathe- 
m a t i c a l  programing t e c h n i q u e s  r e p o r t e d  i n  r e f e r e n c e  3 are used i n  t h i s  d e s i g n  
p r o c e d u r e  i n  which t h e  c r o s s - s e c t i o n a l  d imens ions  of t h e  p a n e l  a r e  t h e  d e s i g n  
v a r i a b l e s  and b u c k l i n g  and m a t e r i a l  s t r e n g t h  a r e  t h e  c o n s t r a i n t s .  The b u c k l i n g  
a n a l y s i s  is p rov ided  by t h e  p r e s e n t  t h e o r y  and t h e  s t r e n g t h  a n a l y s i s  by maximum 
a l l o w a b l e  s t r a i n .  I n  d e s i g n  s t u d i e s  t h e  p a n e l  l e n g t h  is f i x e d  a t  76 .2  c m .  I n  
t h e  p r e s e n t  a n a l y s i s  it is  assumed t h a t  t h e  compression p a n e l  is s imply  sup- 
p o r t e d  and h a s  many s t i f f e n e r s  spaced  a l o n g  its width,  so t h a t  t h e  s t r u c t u r a l  
behav io r  can  be modeled by a t y p i c a l  r e p e a t i n g  e l emen t .  The geometry and 
d e s i g n  v a r i a b l e s  used to r e p r e s e n t  t h e  r e p e a t i n g  e l emen t  f o r  t h e  sandwich-blade 
c o n f i g u r a t i o n  are shown i n  f i g u r e  1. The cross s e c t i o n  is composed o f  f o u r  
c h a r a c t e r i s t i c  e l emen t s :  (1) t h e  s k i n  between t w o  a d j a c e n t  a t t a c h e d  f l a n g e s ,  
( 2 )  t h e  s k i n  and a t t a c h e d  f l a n g e  e l emen t ,  (3)  t h e  sandwich web, and ( 4 )  t h e  
h i g h - s t i f f n e s s  cap. The sandwich web and c a p  c o n s t i t u t e  t h e  s t i f f e n e r .  Seven 
3 
t h i c k n e s s e s  and four u i d t h  d imens ions  c o n s t i t u t e  t h e  d e s i g n  v a r i a b l e s  for t h e  
sandwich-blade c o n f i g u r a t i o n  w i t h  lamina p ly  o r i e n t a t i o n  a n g l e s  o f  Oo, 90°, 
and +450 p e r m i t t e d .  O r t h c t r o p i c  s t i f f n e s s e s  are  assumed for all e l e m e n t s ,  and 
t h e  a d d i t i o n a l  c o u p l i n g  e f f e c t s  i n t r o d u c e d  by nonsymmetr ic  layup p a t t e r n s  are  
ignored .  
Design R e s u l t s  
The d e s i g n  procedrure was used  to  d e t e r m i n e  minimum-mass d e s i g n s  r e q u i r e d  
to c a r r y  a s p e c i f i e d  l o a d  f o r  t h e  sandwich-blade s t i f f e n e d  c o n f i g u r a t i o n s  con- 
s t r u c t e d  o f  g r a p h i t e / e p o x y  and aluminum-honeycomb m a t e r i a l .  M a t e r i a l  proper- 
t ies  used i n  t h e s e  s t u d i e s  a r e  p r e s e n t e d  i n  t a b l e  I. Th icknesses  were assumed 
to be c o n t i n u o u s  v a r i a b l e s  ( t h a t  is, an i n t e g e r  number o f  p l i e s  was n o t  
r e q u i r e d ) ,  and n e i t h e r  t h i c k n e s s  nor  c r o s s - s e c t i o n a l  d imens ion  d e s i g n  v a r i a b l e s  
were c o n s t r a i n e d  t o  m i n i m u m  l i m i t s .  To s a t i s f y  t h e  s t r e n g t h  r equ i r emen t  a max- 
i m u m  a l l o w a b l e  a x i a l  s t r a i n  ( i n  d i r e c t i o n  of l o a d )  of 0.008 was s p e c i f i e d .  
The s t r u c t u r a l  e f f i c i e n c y  c u r v e  shown i n  f i g u r e  2 was deve loped  by f i r s t  
g e n e r a t i n g  w i t h  t h e  d e s i g n  p rocedure  seven  minimum-weight c?esigns i n  t h e  l o a d  
index  (N/L)  r ange  from 0 . 3  MPa tc 7 MPa. A r b i t r a r y  honeycomb-core d e n s i t i e s  
r ang ing  from 24 kg/m3 to 160 kg/m3 were p e r m i t t e d  i n  d e t e r m i n i n g  t h e  m i r , i m u m  
mass cf a p a n e l  r e q u i r e d  to  c a r r y  a s p e c i f i e d  compress ion  l o a d .  T r a n s v e r s e  
s h e a r  modulus properties for t h e  aluminum hcneycomb were t aken  frorc r e f e r e n c e  4 
and a r e  l i s t e d  i n  t a b l e  I ( b )  . I t  was found t h a t  for minimum mass t h e  core den- 
s i t y  v a r i e d  from 2 4  kg/m3 f o r  l i g h t l y  loaded  
h e a v i l y  loaded  (N/L = 7 MPa) p a n e l s .  
(N/L = 2.5  MPa) t o  160 kg/m3 for 
The s t r u c t u r a l  e f f i c i e n c y  c u r v e  for  t h e  s o l i d  graphi . te /epoxy b l a d e  c o n f i g -  
u r a t i o n  p r e s e n t e d  i n  f i g u r e  2 is  from r e f e r e n c e  1 i n  which t r a n s v e r s e  s h e a r  
effects were n o t  i n c l u d e d .  The resul ts  p r e s e n t e d  i n  f i g u r e  2 for t h e  h a t -  
s t i f f e n e d  c o n f i g u r a t i o n  a re  t a k e n  from r e f e r e n c e  5 and r e p r e s e n t  s l i g h t l y  
h i g h e r  m a t e r i a l  s t i f f n e s s  properties t h a n  were used i n  t h e  p r e s e n t  s t u d y .  
Comparisons o f  t h e  resu l t s  shown i n  f i g u r e  2 show t h e  g raph i t e / epoxy  
sandwich-blade c o n f i g u r a t i o n  t o  be a p p r o x i m a t e l y  30 p e r c e n t  more e f f i c i e n t  
t han  t h e  g raph i t e / epoxy  s o l i d - b l a d e  c o n f i g u r a t i o n  ( t h a t  is, t h e  sandwich-blade 
c o n f i g u r a t i o n  requires 30 p e r c e n t  less mass t h a n  t h e  s o l i d - b l a d e  c o n f i g u r a t i o n  
to c a r r y  t h e  same l o a d )  and 1 5  p e r c e n t  less e f f i c i e n t  t h a n  t h e  g r a p h i t e / e p c x y  
h a t - s t i f f e n e d  c o n f i g u r a t i o n .  Comparing t h e  g raph i t e / epoxy  sandwich-blade con- 
f i g u r a t i o n  r e s u l t s  w i t h  r e s u l t s  p r e s e n t e d  i n  r e f e r e n c e  6 f o r  aluminum-blade 
and h a t - s t i f f e n e d  p a n e l s  shows t h a t  t h e  g r a p h i t e / e p o x y  sandwich-blade c o n f i g -  
u r a t i o n  p r o v i d e s  a 60-percent  mass s a v i n g s  ove r  t h e  aluminum-blade d e s i g n  and 
a 50-percent  ma.ss s a v i n g s  o v e r  t h e  aluminum-hat d e s i g n .  
A separate i n v e s t i g a t i o n  was c a r r i e d  o u t  to  check t h e  e f f e c t  on t h e  s t r u c -  
t u r a l  e f f i c i e n c y  o f  b l a d e  web t r a n s v e r s e  s h e a r i n g  for t h e  s o l i d  g raph i t e / epoxy  
b l a d e  c o n f i g u r a t i o n  s tud iec '  i n  r e f e r e n c e  1. By assuming t h e  t r a n s v e r s e  s h e a r  
modulus o n l y  one - fcu r th  o f  t h e  s h e a r  modulus (see t a b l e  I)  and by a s s i g n i n g  00 
o r i e n t e d  g raph i t e / epoxy  m a t e r i a l  properties for t h e  core, an e f f i c i e n c y  curve 
was o b t a i n e d  us ing  t h e  p r e s e n t  epproach .  The p r e s e n t  r e s u l t s  o b t a i n e d  for t h e  
g raph i t e / epoxy  s o l i d - b l a d e  c o n f i g u r a t i o n  a r e  o n l y  a b o u t  3 percent h e a v i e r  t h a n  
4 
r e s u l t s  reported i n  r e f e r e n c e  1 i n  which th rough- the - th i ckness  t r a n s v e r s e  s h e a r  
effects were n o t  i n c l u d e d .  
BUCKLING ANALYSES 
D e s c r i p t i o n  
Accurate f i n i t e - e l e m e n t  a n a l y s e s  t y p i c a l l y  have e x e c u t i c n  times t h a t  are 
l o n g e r  t h a n  is d e s i r a b l e  f o r  t h e  many c a l c u l a t i o n s  r e q u i r e d  i n  a s t r u c t u r a l  
e f f i c i e n c y  s t u d y .  Consequent ly ,  a r a p i d  s i m p l i f i e d  b u c k l i n g  a n a l y s i s  a t  l e a s t  
an o r d e r  o f  magni tude f a s t e r  t h a n  a v a i l a b l e  f i n i t e - e l e m e n t  p r o c e d u r e s  h a s  been 
developed .  T h i s  a n a l y s i s ,  c a p a b l e  of a d d r e s s i n g  t h e  complex t w i s t i n g  an6 rol l -  
ing  modes of  buck l ing  behav io r  of sandwich-blade s t i f f e n e d  p a n e l s ,  is p r e s e n t e d  
i n  appendix  A .  The a n a l y s i s  p r e d i c t s  p a n e l  b u c k l i n g  l o a d s ,  c o n s i d e r i n g  a v a r i -  
e t y  o f  b u c k l i n g  modes t h a t  i n c l u d e  column b u c k l i n g ,  s t i f f e n e r  t w i s t i n g  and 
r o l l i n g ,  and local  buck l ing ,  a s  w e l l  a s  t h e  i n t e r a c t i o n  between t h e s e  modes. 
A secon? a n a l y s i s  is p r e s e n t e d  i n  appendix  B and applies o n l y  to local  s k i n  
buck l ing  where t h e  b l a d e  s t i f f e n e r  d o e s  n o t  deform. The a n a l y s i s  i n  appendix  B 
is a more a c c u r a t e  r e p r e s e n t a t i o n  f c r  l o c a l  s k i n  b u c k l i n g  than  t h a t  g i v e n  i n  
appendix  A.  
Buckl ing  a n a l y s e s  deve loped  i n  t h e  append ixes  c c n s i d e r  t h e  problem of s i m -  
p l y  suppor t ed  sandwich-blade s t i f f e n e d  wide p a n e l s  loadei!  i n  a x i a l  compress ion .  
I t  is assumed i n  t h e  deve lcpment  of  t h e s e  a n a l y s e s  t h a t  t h e  b u c k l i n g  c f  a. wide 
m u l t i s t i f f e n e d  p a n e l  may be ana lyzed  by s t u d y i n g  t h e  b u c k l i n g  r e sponse  o f  a 
s i n g l e  r e p e a t i n g  e l emen t  of  t h e  p a n e l  cross s e c t i o n .  The r e p e a t i n g  e l emen t  is 
s i m i l a r  to t h a t  shcwn i n  f i g u r e  1 e x c e p t  t h a t  t h e  s k i n  and z t t a c h e d  f l a n g e  have 
a cormnon c e n t e r  l i n e  a s  i n d i c a t e d  by t h e  s k e t c h  i n  appendix  A. For t h e  g e n e r a l  
s t u d y  i n  appendix  A t h e  d i sp lacemen t  f u n c t i o n s  assur.ed r e s t r i c t  t h e  d e f c r r r a t i o n s  
to  a mode an t i symrre t r i c  about  t h e  b l a d e  s t i f f e n e r .  For t h e  l o c a l  b u c k l i n g  mode 
s t u d y  i n  appendix  B, however, t h e  d e f o r r r a t i o n s  mzy be s y n m e t r i c .  R e s u l t s  u s i n g  
t h e  t h e o r y  o f  append ixes  A and B a r e  compared l a t e r  i n  t h i s  paper  w i t h  o t h e r  
t h e o r y  and w i t h  expe r imen t .  
I n  t h e  p r e s e n t  a n a l y s i s  a l l  t h rough- the - th i ckness  t r a n s v e r s e  s h e a r i n g  i n  
t h e  web i n  t h e  unloaded d i r e c t i c n  is comple t e ly  c o n s t r a i n e d  b u t  t r a n s v e r s e  
shea.r ing i n  t h e  loaded d i r e c t i o n  is a l lowed.  A s e p a r a t e  a n a l y t i c a l  s t u d y  n o t  
p r e s e n t e d  h e r e  showed t h a t  t h e  buck l ing  load  o f  t h e  p a n e l s  i n v e s t i g a t e d  was n o t  
s i g n i f i c a n t l y  a f f e c t e d  by t h e  assumpt ion  t h a t  t h e  t r a n s v e r s e  s h e a r  s t i f f n e s s  i n  
t h e  unloaded d i r e c t i o n  is i n f i n i t e .  
A n a l y t i c a l  Conpar i sons  
To d e t e r m i n e  whether  or n o t  t h e  p r e s e n t  r e s u l t s  a r e  s u f f i c i e n t l y  a c c u r a t e  
f o r  t h e  importar , t  modes of b u c k l i n g  and f c r  v a r i o u s  l e v e l s  o f  t r a n s v e r s e  s h e a r -  
i n g  t h e  p r e s e n t  computed approx ima te  r e s u l t s  a r e  conpared  to  o t h e r  computed 
r e su l t s  f o r  t w o  t y p i c a l  p a n e l s .  These computa t ions  are a l so  used t o  i n d i c a t e  
t h e  s i g n i f i c a n c e  of t h e  t r a n s v e r s e  s h e a r i n g  e f fec ts .  I n  a l a t e r  s e c t i o n  of 
t h i s  pape r  t h e s e  ccmputed r e s u l t s  a r e  compared w i t h  e x p e r i m e n t a l  r e s u l t s .  
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T y p i c a l  d e s i g n s  f o r  compara t ive  s tudy . -  "wo d e s i g n s ,  which are d e s i g n a t e d  
a s  modera t e ly  and l i g h t l y  loaded ,  are c o n s i d e r e d  which are n e a r  minimum-mass 
p r o p o r t i o n s  n e c e s s a r y  to s a t i s f y  b u c k l i n g  and s t r e n g t h  c o n s t r a i n t s  for a 
76.2-cm-long s imply  suppor t ed  p a n e l .  The c r o s s - s e c t i o n a l  d imens ions  and lam- 
i n a t e  d e s c r i p t i o n s  of t h e  p a n e l  d e s i g n s  c o n s i d e r e d  a r e  shown i n  f i gu re  3. (For  
bracketed e x p r e s s i o n s  d e f i n i n g  l a m i n a t e  l a y u p s  i n  f i g .  3 ,  see r e f .  7 .  HC refers 
to  aluminum honeycomb.) The p a n e l s  are of l amina ted  g raph i t e / epoxy  c o n s t r u c t i o n  
e x c e p t  for t h e  w e b  of t h e  b l a d e  s t i f f e n e r .  The web is of  sandwich c o n s t r u c t i o n  
w i t h  an aluminum honeycomb core faced  w i t h  p l i e s  o f  +45 graph i t e / epoxy .  The 
h i g h - a x i a l - s t i f f n e s s  g raph i t e / epoxy  r e g i o n  a t  t h e  o u t s t a n d i n g  c a p  of t h e  b l a d e  
s t i f f e n e r  (away from t h e  s k i n )  is assumed to  ac t  a s  a beam a t t a c h e d  to  t h e  b l a d e  
web. Although t h e  p a n e l  c o n f i g u r a t i o n  shown i n  f i g u r e  3 h a s  e c c e n t r i c i t i e s  i n  
t h e  s k i n  to permit a smooth outer s u r f a c e ,  t h e s e  e c c e n t r i c i t i e s  of t h e  a t t a c h e d  
f l a n g e  a r e  igfiored i n  t h e  a n a l y s i s .  The p a n e l  d e s i g n a t e d  a s  modera t e ly  loaded 
is d e s i g n e d  t o  c a r r  1.36 MN/m when t h e  web is c o n s t r u c t e d  w i t h  a hcneycomb core 
o f  d e n s i t y  160  kg/m3 and t o  c a r r y  1.15 NS/m when c o n s t r u c t e d  w i t h  a 48 kg/m3 
core d e n s i t y .  The l i g h t l y  loaded  p a n e l  is des igned  to  c a r r y  0.53 NN/m when con- 
structed w i t h  a 48 kg/m3 honeycomb-core d e n s i t y .  
a r e  based on t h e  d e r i v a t i o n s  giver ,  i n  append ixes  A and B f c r  t h e  t w o  d i f f e r e n t  
d e s i g n s ,  and from which compar isons  a r e  made between t h e  d i f f e r e n t  modes of 
buck l ing ,  a r e  p r e s e n t e d  i n  f i g u r e s  4 and 5 a s  a f u n c t i o n  of buck le  l e n g t h ,  L/m. 
The b u c k l i n g  s t r a i n = ,  w h i c h  
R e s u l t s  f o r  ~~ modera t e ly  a n d , . l i g h t l y  loaded  de.s igns.-  R e s u l t s  for t h e  moder- 
a t e l y  loaded  d e s i g n  p l o t t e d  i n  f i g u r e  4 show, for t h e  i n t e r i m  r e g i o n  of b u c k l e  
l e n g t h  (from 7 c m  t o  70 c m ) ,  t h a t  t h e  b u c k l i n g  s t r a i n  is s t r o n g l y  dependent  on 
core d e n s i t y  and,  t h e r e f o r e ,  s t r o n g l y  dependen t  on t h e  th rough- the - th i ckness  
t r a n s v e r s e  s h e a r  s t i f f n e s s  o f  t h e  s t i f f e n e r :  for example, f o r  a 30-cm-long 
buck le  l e n g t h  t h e  48 kg/m3 d e n s i t y  core reduces t h e  b u c k l i n g  s t r a i n  by 40 per- 
c e n t  from t h e  s o l u t i o n  f o r  t h e  i n f i n i t e  t r a n s v e r s e  s h e a r  s t i f f n e s s  c a s e .  S i m i -  
l a r l y ,  f o r  t h e  same buck le  l e n g t h  a p a n e l  w i t h  a 1 6 0  kg/m3 core r e d u c e s  t h e  
b u c k l i n g  s t r a i n  by 18 p e r c e n t .  I n  t h i s  i n t e r i m  range  b u c k l i n g  d e f o r m a t i o n s  
i n v o l v e  t w i s t i n g  and r o l l i n g  of t h e  s t i f f e n e r .  I n  t h e  r ange  beyon? 70 c m  t h e  
b u c k l i n g  s t r a i n  is n o t  a s  s t r o n g l y  dependent  on  ccre d e n s i t y .  I n  t h e  r a n g e  of 
l o n g e r  buck le  l e n g t h s ,  column e f f e c t s  couple w i t h  some t w i s t i n g  of t h e  s t i f f -  
e n e r ;  t hen ,  w i t h  s t i l l  l o n g e r  l e n g t h s  cclumn b u c k l i n g  couples w i t h  c o n v e n t i o n a l  
column t r a n s v e r s e  s h e a r i n g  ( s h e a r i n g  through t h e  d e p t h  of t h e  s t i f f e n e r  b u t  n o t  
th rough t h e  s t i f f e n e r  t h i c k n e s s ) .  I n  t h e  r ange  below 7 cn! t h e  b u c k l i n g  mode is 
l o c a l  w i t h  o n l y  t h e  s k i n  and t h e  a t t a c h e d  f l a n g e  d e f o r v i n g ,  and t h e  p r e s e n t  
r e s u l t s  are c a l c u l a t e 6  us ing  t h e  a n a l y s i s  of appendix  B. O f  course, w i t h  t h e  
s t i f f e n e r  n o t  2eforming  t h e r e  is no effect cf core d e n s i t y  of t h e  s t i f f e n e r  i n  
t h i s  r ange .  
R e s u l t s  for t h e  l i g h t l y  loaded  d e s i g n  p l o t t e d  i n  f i g u r e  5 have r a n g e s  s i m -  
i l a r  to  those i n ? i c a t e d  f o r  t h e  modera t e ly  loaded  d e s i g n .  Again for t h e  i n t e r i m  
r e g i o n  of buck le  l e n g t h  (from 7 c m  t o  70 c m )  t h e  buck l ing  s t r a i n  is s t r o n g l y  
dependent  on core d e n s i t y  and,  t h e r e f o r e ,  on th rough- the - th i ckness  t r a n s v e r s e  
s h e a r i n g  of t h e  s t i f f e n e r :  for example, fo r  a 30-cm-long p a n e l  t h e  48 kg/m3 
d e n s i t y  core r e d u c e s  t h e  b u c k l i n g  s t r a i n  by approx ima te ly  25 p e r c e n t  from t h e  
s c l u t i o n  for t h e  i n f i n i t e  t r a n s v e r s e  s h e a r  s t i f f n e s s  csse. 
I n  each  of t h e  d e s i g n  s t u d i e s  t h e  honeycomb core was o r i e n t e d  w i t h  t h e  
s t i f f e r  d i r e c t i o n  p a r a l l e l  t o  t h e  l c a d  a x i s  of t h e  p a n e l  ( t h a t  is, a l o n g  t h e  
6 
I 
l e n g t h  o f  t h e  p a n e l ;  see t a b l e  I ) .  Reversing t h i s  o r i e n t a t i o n  w a s  found to  
d e c r e a s e  t h e  c a l c u l a t e d  b u c k l i n g  s t r a i n  i n  t h e  i n t e r i m  s t i f f e n e r - t w i s t i n g -  
mode/stiffener-rolling-mode r ange  by a p p r o x i m a t e l y  15  p e r c e n t .  To a c h i e v e  
maximum l o a d ,  t h e r e f o r e ,  it is  recommended t h a t  t h e  core be o r i e n t e d  so t h a t  
i t s  s t i f f e s t  d i r e c t i o n  is a l o n g  t h e  l o a d  a x i s .  
Comparisons w i t h  BUCLASP2.- When t h e  honeycomb core is v e r y  dense ,  t r a n s -  
verse s h e a r i n g  is s u p p r e s s e d  and t h e  b l a d e  s t i f f e n e r  web may be t r e a t e d  as a 
c o n v e n t i o n a l  p l a t e .  An e x a c t - p l a t e - a n a l y s i s  BUCLASP2 is a v a i l a b l e  i n  r e f e r -  
ence  8 f o r  t h e  b u c k l i n g  of  an assembly o f  c o n v e n t i o n a l  p la tes  and beams which 
i n c l u d e s  i n p l a n e  s h e a r i n g  b u t  does  n o t  a l l o w  th rough- the - th i ckness  t r a n s v e r s e  
s h e a r i n g  d e f o r m a t i o n s .  Comparison o f  p r e s e n t  r e s u l t s  and t h e  e x a c t  r e s u l t s  
u s i n g  t h e  method of r e f e r e n c e  8 ( f i g s .  4 and 5) shows t h a t  t h e  p r e s e n t  r e su l t s  
for i n f i n i t e  core d e n s i t y  f o l l o w  t h e  same t r e n d s  a s  e x a c t  r e s u l t s  and a g r e e  to  
w i t h i n  a few p e r c e n t  t h roughou t  most of  t h e  buck le  l e n g t h  range. I n  t h e  r ange  
below 7 c m  when l o c a l  b u c k l i n g  occurs t h e r e  is b e t t e r  agreement for modera t e ly  
loaded  p a n e l s  ( f i g .  4 )  t han  for l i g h t l y  loaded  p a n e l s  ( f i g .  5 )  because t h e  
i n p l a n e  d e f o r m a t i o n  o f  t h e  s t i f f e n e r  t h a t  o c c u r s  when t h e  f a c e s  a r e  v e r y  t h i n  
is n o t  modeled by t h e  p r e s e n t  local b u c k l i n g  a n a l y s i s .  
Comparisons w i t h  NASTRAN1.- I n  o r d e r  to  a s s e s s  t h e  accu racy  of  t h e  p r e s e n t  
a n a l y s i s  to  accoun t  for th rough- the - th i ckness  t r a n s v e r s e  s h e a r  e f f e c t s  compari-  
s o n s  have been made u s i n g  t h e  f i n i t e - e l e m e n t  a n a l y s i s  code NASTRAN ( r e f .  9 ) .  
U s e  of  s t a n d a r d  QUAD1 e l e m e n t s  i n  NASTRAN a l lowed  f o r  o r t h o t r o p i c  p l a t e  p rope r -  
t i e s  and i s o t r o p i c  t r a n s v e r s e  s h e a r i n g .  Comparison of  r e s u l t s  i n  f i g u r e  4 shows 
t h a t  t h e  methods of r e f e r e n c e s  8 and 9 a g r e e  f o r  i n f i n i t e  core d e n s i t y .  For 
f i n i t e  core d e n s i t y  t h e r e  is a l s o  v e r y  good agreement  between p r e s e n t  resu l t s  
and t h e  resu l t s  o b t a i n e d  u s i n g  NASTrZAN. 
EXPERIMENTAL RESULTS 
Specimen D e s c r i p t i o n  and T e s t  Technique 
The modera t e ly  and l i g h t l y  loaded  sandwich-blade s t i f f e n e d  compression 
p a n e l  d e s i g n s  s t u d i e d  a n a l y t i c a l l y  i n  t h e  p r e v i o u s  s e c t i o n  were a lso s t u d i e d  
e x p e r i m e n t a l l y .  A summary of d e s i g n  load and mass of  t h e  p a n e l s  is g i v e n  i n  
t a b l e  11, and t h e  c r o s s - s e c t i o n a l  d imens ions  and l a m i n a t e  d e s c r i p t i o n s  f o r  
t h e s e  t w o  d e s i g n s  a r e  p r e s e n t e d  i n  f i g u r e  3.  The specimens were t e s t e d  i n  a 
two-s t i f f ene r -wide  c o n f i g u r a t i o n  as shown i n  f i g u r e  3 w i t h  s i d e  edges  unsup- 
p o r t e d  d u r i n g  t h e  tes t .  The specimen ends  were p o t t e d  i n  epoxy approx ima te ly  
2 .5  c m  t h i c k ,  were ground f l a t  and p a r a l l e l ,  and were t e s t e d  " f l a t  ended" f o r  
a n e a r l y  clamped-end t e s t  c o n d i t i o n .  P a n e l s  were t e s t e d  i n  l e n g t h s  r a n g i n g  
from 17 .9  c m  to  76.2 c m .  
Specimens were c o n s t r u c t e d  u s i n g  7.6-cm-wide p re impregna ted  t a p e  of  
g r a p h i t e  i n  epoxy r e s i n  and aluminum honeycomb. Mechanical  p r o p e r t i e s  f o r  
t h e s e  m a t e r i a l s  a r e  p r e s e n t e d  i n  t a b l e  I. Moderately loaded  specimens were 
lNASTRAN: R e g i s t e r e d  t rademark of  t h e  N a t i o n a l  A e r o n a u t i c s  and Space 
A d m i n i s t r a t i o n .  
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c o n s t r u c t e d  u s i n g  a honeycomb d e n s i t y  of e i t h e r  4 8  kg/m3 or 160 kg/m3. L i g h t l y  
l o a d e d  specimens used a 48 kg/m3 d e n s i t y  core. 
e n t e d  p l ies  a t  t h e  s t i f f e n e r  c a p  was l a i d  up  b u t  n o t  c u r e d  i n  a s e p a r a t e  ope ra -  
t i o n  and was t r a n s f e r r e d  to  t h e  s t i f f e n e r  a s  a u n i t .  Epoxy was used to f i l l  t h e  
honeycomb core for a p p r o x i m a t e l y  0.38 c m  a t  t h e  j u n c t u r e s  where t h e  honeycomb 
meets t h e  s k i n  and cap. A s e p a r a t e  a d h e s i v e  l a y e r  w a s  p o s i t i o n e d  i n  t h e  web 
between t h e  honeycomb and t h e  g r a p h i t e  epoxy. The e n t i r e  assembly was vacuum- 
bagged and c u r e d  i n  an a u t o c l a v e .  Adhesive and epoxy m a t e r i a l s  f o r  t h e  core 
were n o t  accoun ted  f o r  i n  t h e  c a l c u l a t i o n s  and r e s u l t e d  i n  p a n e l s  t h a t  were 
h e a v i e r  t han  was e s t i m a t e d .  R e p r e s e n t a t i v e  measurements, which are p r e s e n t e d  
i n  t a b l e  11, i n d i c a t e d  t h a t  t h e  p a n e l s  were 5 to  33 p e r c e n t  h e a v i e r  t h a n  c a l c u -  
l a t e d .  The l i g h t l y  loaded p a n e l s  had more a d h e s i v e  m a t e r i a l s  €or t h e  core t h a n  
t h e  m o d e r a t e l y  loaded  p a n e l s  on t h e  b a s i s  of p e r c e n t  o f  t o t a l  weight .  O the r  
measurements of t h e  p a n e l s  i n d i c a t e d  v e r y  close to nominal dimensions.  Experi-  
m e n t a l  b u c k l i n g  s t r a i n s  were o b t a i n e d  from s t r a i n  r e v e r s a l  d a t a ,  and t h e  mode 
shapes  were de te rmined  from displacement-gage d a t a  and moire f r i n g e  p a t t e r n s  
( r e f .  1 0 ) .  
The c o n c e n t r a t i o n  o f  Oo ori-  
E x p e r i m e n t a l - A n a l y t i c a l  Comparison 
A comparison of e x p e r i m e n t a l  b u c k l i n g  s t r a i n s  and mode s h a p e s  between t h e  
resu l t s  o b t a i n e d  u s i n g  NASTRAN and t h e  p r e s e n t  t h e o r y  is p r e s e n t e d  i n  t a b l e  111. 
G r a p h i c a l  compar i sons  of t h e  b u c k l i n g  s t r a i n  a s  a f u n c t i o n  of t h e  p a n e l  l e n g t h  
a r e  p r e s e n t e d  i n  f i g u r e s  6 and 7. A n a l y t i c a l  r e su l t s  u s i n g  t h e  a n a l y s i s  deve l -  
oped h e r e i n  a r e  for a s i m p l y  s u p p o r t e d  i n f i n i t e l y  wide m u l t i s t i f f e n e r  c o n f i g u r a -  
t i o n  wh i l e  t h e  NASTRAN resu l t s  and e x p e r i m e n t a l  d a t a  are f o r  the clamped t w o -  
s t i f f e n e r  c o n f i g u r a t i o n s  shown i n  f i g u r e  1. 
Modera t e ly  loaded  d e s i g n .  - G o o d  agreement €or b u c k l i n g  s t r a i n s  was ach ieved  
between bo th  t h e o r i e s  and e x p e r i m e n t s  a s  shown i n  f i g u r e  6 and t a b l e  111. Each 
of t h e  48 kg/m3 honeycomb core d e n s i t y  specimens buckled i n  a mode i n v o l v i n g  
s t i f f e n e r  t w i s t i n g  and buck l ing  of  t h e  s k i n  a s  p r e d i c t e d  by t h e o r y .  I n c r e a s i n g  
t h e  honeycomb core d e n s i t y  from 48 kg/m3 to  160  kg/m3 i n c r e a s e d  t h e  b u c k l i n g  
s t r a i n  by a p p r o x i m a t e l y  40 p e r c e n t  and changed t h e  mode shape  from m = 2 t o  
m = I a s  p r e d i c t e d  by theo ry .  The b u c k l i n g  de fo rma t ion  p a t t e r n  for t h e  s k i n  
segments  of  t h e  t e s t  p a n e l s  may be i n t e r p r e t e d  u s i n g  t h e  moire f r i n g e  photo- 
g r a p h s  shown i n  f i g u r e  8. Back-to-back s t r a i n - g a g e  d a t a  and d e f l e c t i o n - g a g e  
d a t a ,  t h e  r e su l t s  of which are n o t  p r e s e n t e d ,  he lped  t o  i n d i c a t e  t h a t  s t i f f e n e r  
t w i s t i n g  and r o l l i n g  were o c c u r r i n g .  I n  r e c o r d i n g  mode shapes  t h e  buck le  of t h e  
s k i n  between s t i f f e n e r s  a t  t h e  p a n e l  ends  h a s  been ignored  f o r  l ong  wavelength 
b u c k l i n g  s i n c e  t h i s  c o n d i t i o n  is p e c u l i a r  to  t h e  clamped-end tes t  r e s t r a i n t  
( r e f .  1) and t h e  c o r r e s p o n d i n g  clamped-end c o n d i t i o n s  imposed on t h e  NASTRAN 
s o l u t i o n .  G o o d  c o r r e l a t i o n  f o r  mode shape was o b t a i n e d  between NASTRAN and 
e x p e r i m e n t a l  resul ts .  
L i g h t l y  loaded des ign . -  Good agreement f o r  b u c k l i n g  s t r a i n s  was o b t a i n e d  
between t h e  resu l t s  from t h e  p r e s e n t  t h e o r y  and t h e  e x p e r i m e n t a l  resu l t s  
o b t a i n e d  f o r  b o t h  of t h e  40-cm-long l i g h t l y  loaded  tes t  p a n e l s  as shown i n  
f i g u r e  7 and t a b l e  111. However, bo th  p a n e l s  buckled i n  a l o c a l  s k i n  mode 
(m = 7 )  r a t h e r  t han  i n  a stiffener-twisting/skin-buckling mode (m = 2) a s  pre- 
d i c t e d  by the p r e s e n t  t h e o r y .  (See t a b l e  111.) A moire f r i n g e  photograph o f  
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t h e  buck le  p a t t e r n  is p r e s e n t e d  below t h e  c u r v e  i n  f i g u r e  7. It is n o t  clear 
why t h e  expe r imen ta l  mode shapes  do no t  a g r e e  wi th  t h e o r y  f o r  t h e  l i g h t l y  loaded  
d e s i g n  w h i l e  t h e y  d i d  agree w i t h  t h e o r y  f o r  t h e  modera t e ly  loaded  d e s i g n .  From 
a s t u d y  o f  f i g u r e  41 however, t h e  minimum s t r a i n  for s h o r t  wavelength buck l ing  
(L/m < 7 c m )  is close to  t h e  minimum s t r a i n  for i n t e r i m  wavelength buck l ing  
( 7  cm < L/m < 70 c m )  f o r  t h e  l i g h t l y  loaded  panel .  Thus, t h e  d e t e r m i n a t i o n  of 
t h e  mode shape  is s e n s i t i v e  to  t h e  de t a i l ed  t e s t  c o n d i t i o n s .  
The ends  of  t h e  specimens were a l l  ground f l a t  and pa ra l l e l  and t e s t e d  
" f l a t - ended"  so t h a t  t h e y  are e s s e n t i a l l y  clamped. The p r e s e n t  t h e o r y  a s sumes  
t h e  ends  are s imply  supported. I n  t h e  i n t e r i m  range  of  buckle  l e n g t h  where 
t w i s t i n g  occurs, however, t h e  r e s u l t s  us ing  t h e  p r e s e n t  t h e o r y  a g r e e  w e l l  w i t h  
clamped e x p e r i m e n t a l  and NASTRAN resu l t s  ( f i g .  4 ) .  Because of t h e  g o d  agree-  
ment between clamped test  r e s u l t s  and both  simple-support and clamped t h e o r y ,  
it is concluded  t h a t  de t a i l ed  boundary c o n d i t i o n s  beyond r e q u i r i n g  z e r o  d e f l e c -  
t i o n s  are a p p a r e n t l y  n o t  impor t an t  for t h e  buck l ing  of sandwich-blade s t i f f e n e d  
p a n e l s  where t w i s t i n g  occurs and where through- the- th ickness  t r a n s v e r s e  s h e a r i n g  
is  impor t an t .  
CONCLUDING REMARKS 
A minimum-mass s t u d y  i s  p r e s e n t e d  for sandwich-blade s t i f f e n e d  compress ion  
p a n e l s  s u b j e c t  to  buck l ing  and s t r e n g t h  c o n s t r a i n t s .  T h i s  s t u d y  i n d i c a t e s  t h a t  
h i g h  s t r u c t u r a l  e f f i c i e n c i e s  a r e  a t t a i n a b l e  €or open- sec t ion  s t i f f e n e d  p a n e l s .  
The g raph i t e / epoxy  sandwich-blade s t i f f e n e d  c o n f i g u r a t i o n  is approx ima te ly  
30 p e r c e n t  more e f f i c i e n t  t h a n  a g raph i t e / epoxy  nonsandwich c o n f i g u r a t i o n ,  
50 p e r c e n t  more e f f i c i e n t  than  an aluminum-hat s t i f f e n e d  c o n f i g u r a t i o n ,  and 
60 p e r c e n t  more e f f i c i e n t  t h a n  an aluminum-blade s t i f f e n e d  c o n f i g u r a t i o n .  
A n a l y s i s  s u i t a b l e  for u s e  i n  automated d e s i g n  is p r e s e n t e d  for t h e  buck l ing  of 
sandwich-blade s t i f f e n e d  compression p a n e l s .  The buck l ing  s t r a i n  of sandwich- 
b l a d e  s t i f f e n e d  p a n e l s  depends s t r o n g l y  on t h e  t r a n s v e r s e  shear s t i f f n e s s  of 
t h e  b l a d e  web core. The r e s u l t s  of t h e  buck l ing  a n a l y s i s  w h i c h  i n c l u d e s  t r a n s -  
v e r s e  shear de fo rma t ions  agree well  w i t h  f i n i t e - e l e m e n t  r e s u l t s .  Buckl ing  
expe r imen t s  on clamped,  one-bay, g raph i t e / epoxy  p a n e l s  having  two sandwich- 
b l a d e  s t i f f e n e r s  w i th  aluminum honeycomb c o r e  are a l s o  p r e s e n t e d ,  and t h e  
r e s u l t s  of t h e  buck l ing  a n a l y s i s  a l so  agree w i t h  t h e s e  expe r imen t s .  Conse- 
q u e n t l y ,  t h e  a n a l y s i s  and e s p e c i a l l y  t h e  i n c l u s i o n  i n  t h e  a n a l y s i s  o f  t h e  
effects  o f  t r a n s v e r s e  s h e a r i n g  of t h e  b l a d e  web c o r e  and t h e  assumpt ion  t h a t  
t h e  pane l  c o n s i s t s  of  an  i n f i n i t e  number o f  r e p e a t i n g  bays are v a l i d a t e d .  
The t h e o r e t i c a l  r e s u l t s  u s i n g  s imple-suppor t  boundary c o n d i t i o n s  agree w i t h  
clamped t h e o r e t i c a l  and expe r imen ta l  r e s u l t s  when t w i s t i n g  o c c u r s  and through-  
t h e - t h i c k n e s s  t r a n s v e r s e  s h e a r i n g  is  i m p o r t a n t .  
Langley Research Center  
N a t i o n a l  Aeronau t i c s  and Space Admin i s t r a t ion  
Hampton, VA 23665 
August 3 ,  1978 
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BUCKLING ANALYSIS OF SANDWICH-BLADE STIFFENED COMPRESSION PANELS 
Buckl ing of wide, s imply  s u p p o r t e d ,  sandwich-blade s t i f f e n e d  p a n e l s  
loaded i n  a x i a l  compression is a n a l y z e d .  The a n a l y s i s  p r e d i c t s  t h e  b u c k l i n g  
l o a d  c o n s i d e r i n g  a v a r i e t y  of b u c k l i n g  modes i n c l u d i n g  column b u c k l i n g ,  s t i f f -  
e n e r  t w i s t i n g  and r o l l i n g ,  l o c a l  buck l ing ,  and i n t e r a c t i o n  between t h e  modes. 
I t  is assumed t h a t  t h e  b u c k l i n g  of a wide m u l t i s t i f f e n e d  p a n e l  may be  ana lyzed  
by s t u d y i n g  t h e  r e p e a t i n g  e l e m e n t  of t h e  p a n e l  cross s e c t i o n ,  which is shown 
i n  t h e  f o l l o w i n g  s k e t c h :  
The m l i e l  is composed of s i x  b a s i c  segments:  
f l a n g e  p l a t e  segments  @ l o c a t e d  s p m e t r i c a l l y  and having a conlmon c e n t e r  l i n e ,  
and a sandwich web p l a t e  segment @ connected t o  a beam @ forming a b l a d e  
s t i f f e n e r .  The s k i n ,  f l a n g e ,  web, and beam segments a r e  numbered 1 to  4,  
r e s p e c t i v e l y ,  and t h e  c o o r d i n a t e  system is  i n d i c a t e d  i n  t h e  s k e t c h .  The s m a l l  
error a s s o c i a t e d  w i t h  a n a l y z i n g  a wide p a n e l  by s t u d y i n g  t h e  r e sponse  of a s i n -  
g l e  r e p e a t i n g  e l emen t  o f  t h e  p a n e l  is d i s c u s s e d  i n  r e f e r e n c e  1. 
t w o  s k i n  @ and t w o  a t t a c h e d  
E x p r e s s i o n s  a r e  o b t a i n e d  for t h e  b u c k l i n g  s t r a i n  E i n  t h i s  appendix by 
t h e  method of  v i r t u a l  w o r k  i n  c o n j u n c t i o n  w i t h  assumed d i s p l a c e m e n t s .  The v i r -  
t u a l  w o r k  of  e x t e n s i o n ,  bending,  and t h e  a p p l i e d  s t r a i n  E a t  b u c k l i n g  f o r  t h e  
v a r i o u s  p l a t e  segments  may be e x p r e s s e d  a s  
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where t h e  N ' s  and M ' s  a r e  t h e  stress r e s u l t a n t s  and moments; t h e  E ' S ,  Y x y r  
and K ' s  a r e  t h e  s t r a i n s  and c u r v a t u r e s ;  and w and v a r e  d e f o r m a t i o n s  t h a t  
occur d u r i n g  b u c k l i n g .  The a x i a l  l e n g t h  of t h e  p a n e l  is L, and t h e  wid th  of  
each segment is  b i .  The s t r a i n s  and c u r v a t u r e s  a r e  g i v e n  i n  terms of t h e  d i s -  
p l acemen t s  as f o l l o w s :  
Yxy = u , y  + v,, 
The s t r e s s - s t r a i n  and mment -cu rva tu re  r e l a t i o n s  a r e :  
11 x + D12Ky 
My = D22Ky + D12Kx 
M x = D  K N, = + A12Ey 
Ny = A22Ey + A12Ex 
Nxy = A66Yxy Mxy = D66Kxy 
( A 3  1 
I n  o r d e r  to accoun t  f o r  t r a n s v e r s e  s h e a r i n g  o f  t h e  b l a d e  s t i f f e n e r ,  t h e  
f o l l o w i n g  w o r k  of  t h e  s h e a r i n g  f o r c e s  m u s t  be added to  t h e  v i r t u a l  w o r k  exp res -  
s i o n  f o r  t h e  b l a d e  web segment 
For t h e  web segment t h e  c u r v a t u r e s  a r e  r e d e f i n e d  to  be 
I K X  = B x , x  K Y  = @ Y , Y  (A5 1 
~ x y  = ~ x , y  + ~ y , x J  
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The a d d i t i o n a l  s t r a i n - d i s p l a c e m e n t  and s t r e s s - s t r a i n  r e l a t i o n s  f o r  t h e  web a r e  
yxz = Bx - w,x 
yyz = By - w,y 
For t h e  beam t h e  v i r t u a l  w o r k  is 
where E 1 1  is t h e  beam bending s t i f f n e s s  a b o u t  t h e  y3 a x i s ,  E12 t h e  beam 
bending s t i f f n e s s  a b o u t  an a x i s  i n  t h e  c r o s s - s e c t i o n  p e r p e n d i c u l a r  to  t h e  y3 
a x i s ,  ET is t h e  warping s t i f f n e s s ,  G J  t h e  t o r s i o n a l  s t i f f n e s s ,  EA t h e  
e x t e n s i o n a l  s t i f f n e s s ,  Ip t h e  p o l a r  moment of i n e r t i a ,  and A t h e  cross- 
s e c t i o n a l  a r e a  of t h e  beam. 
The t o t a l  v i r t u a l  w o r k  is e q u a l  to  t h e  sum of  t h e  v i r t u a l  w o r k  for each  o f  
t h e  s i x  segments. By s u b s t i t u t i n g  t h e  e x p r e s s i o n s  (A2), (A3), (A5), and (A6) 
f o r  stress r e s u l t a n t s  and moments and t h e  s t r a i n s  and t h e  c u r v a t u r e s ,  t h e  v i r -  
t u a l  w o r k  e q u a t i o n  can be e x p r e s s e d  i n  terms of t h e  d i s p l a c e m e n t s  u, v, and 
w f o r  p l a t e  segments  i n  t h e  s k i n  and i n  terms of u, v, w, Bx, and By f o r  
t h e  web p l a t e  segment i n  t h e  b l a d e  s t i f f e n e r .  By r e q u i r i n g  t h a t  t h e  beam be  
a t t a c h e d  f i r m l y  to t h e  end o f  t h e  web of t h e  b l a d e  s t i f f e n e r ,  t h e  u, v, w, 
and 
web. A c h a r a c t e r i s t i c  v a l u e  problem for t h e  lowest a p p l i e d  s t r a i n  E ( t h e  
buck l ing  s t r a i n )  is o b t a i n e d  by c o n s i d e r i n g  p a r t i c u l a r  e x p r e s s i o n s  f o r  t h e  d i s -  
p l acemen t s  t h a t  s a t i s f y  g e o m e t r i c  boundary and c o n t i n u i t y  c o n d i t i o n s .  The d i s -  
p l acemen t s  for each of  t h e  p l a t e  segments  t h a t  have been chosen have t h e  follow- 
ing  form wi th  t h e  f o l l o w i n g  a r b i t r a r y  d i s p l a c e m e n t  c o e f f i c i e n t s  U, U3, V, W, 
W3, W30, XI X3, X30, and Y, p l u s  a r b i t r a r y  p a r a m e t e r s  and y: 
8 d e f o r m a t i o n s  of  t h e  beam a r e  g i v e n  i n  terms o f  t h e  d e f o r m a t i o n s  o f  t h e  
Segment D i s p l  acemen t s 
mn x 
u = u cos ~ 
L 
1 v = o  
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Segment Disp lacements  
mnx 
u = u cos - 
2 v = o  
w = - ( V  + Wb2 - Wy2) s i n  
L 
mn x 
L 
u = (U + U3y3) COS - 
mn x 
v = V s i n  - 
y3 
J 
The d i s p l a c e m e n t s  of t h e  beam a r e  g i v e n  i n  terms o f  t h e  d i s p l a c e m e n t s  of 
segment 3 a c c o r d i n g  to 
u = u ( b 3 )  - (b4 - b 3 ) v l x ( b 3 )  
These d i s p l a c e m e n t s  are chcsen  so t h a t  t h e y  s a t i s f y  g e o r e t r i c  c o n t i n u i t y  between 
segments ,  s imple-suppor t  boundary c o n d i t i o n s  a t  x = O,L, and have z e r o  slope 
a t  y 1  = 0 and t h e  c c r r e s p o n d i n g  p o i n t  on t h e  o t h e r  s i d e  of t h e  r e p e a t i n g  ele- 
ment. Disp lacement  f u n c t i o n s  are chosen  i n  t h e  y d i r e c t i o n  t h a t  g i v e  reason-  
a b l e  r e s u l t s  f o r  b u c k l i n g  i n  t h e  l o c a l ,  s t i f f e n e r - t w i s t i n g ,  and column modes. 
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By assuming t h e  e x p r e s s i o n s  g i v e n  f o r  w i n  segments  1 and 2,  a c c u r a c y  i n  t h e  
l o c a l  ( sk in -on ly )  mode h a s  been s a c r i f i c e d  for s i m p l i c i t y .  A more a c c u r a t e  
s o l u t i o n  f o r  local s k i n  b u c k l i n g  is p r e s e n t e d  i n  append ix  B, 
Many of t h e  d i s p l a c e m e n t s  assumed f o r  t h e  g e n e r a l  b u c k l i n g  a n a l y s i s  pre- 
s e n t e d  h e r e  a r e  z e r o ,  c o n s t a n t ,  or l i n e a r  i n  t h e  y d i r e c t i o n .  The s k i n -  
d e f l e c t i o n  e x p r e s s i o n  h a s  a t r i g o n o m e t r i c  f u n c t i o n  i n  t h e  y d i r e c t i o n  to  
a l l o w  local  b u c k l i n g  and t w i s t i n g .  The b l a z e  d i s p l a c e m e n t  e x p r e s s i o n s  have t w o  
t r i g o n o m e t r i c  f u n c t i o n s  i n  t h e  y d i r e c t i o n  p l u s  a r b i t r a r y  p a r a m e t e r s  X and 
Y to  a l l o w  f o r  r o l l i n g  a s  w e l l  a s  l o c a l  b u c k l i n g  and t w i s t i n g .  
Because of t h e  way t h e  p a n e l s  a r e  c o n s t r u c t e d ,  it is  r e a s o n a b l e  to  e x p e c t  
t h a t  i n  segment 3 
a t  y3 = O,b3. A s  a consequence of  t h i s  assumption 
X 
Y y = -  
and, t h e r e f o r e ,  i n  e f f e c t  it is assumed t h a t  t h e  t r a n s v e r s e  s h e a r i n g  s t r a i n  
Yyz is z e r o  i n  t h e  web. The s o l u t i o n  is t h e n  independen t  of A55, and t h e  
number of  unknown d i s p l a c e m e n t  c o e f f i c i e n t s  is reduced from 1 0  to 8. 
The s t a b i l i t y  e q u a t i o n s  t h a t  r e s u l t  from t h e  method of v i r t u a l  w o r k  for 
problem can be i d e n t i f i e d  from 
a12 a13 0 0 0 0 0 
a2  2 a23 0 0 0 0 0 
a33 - Eb33 a34 - Eb34 0 0 0 0 
a44 - €b44 a45 - Eb45 a46 a47 a48 
a55 - Eb55 a56 a57 a5a 
a66 a67 a68 
a77 a7a 
aaa 
Symmetric 
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- - 
wherein what follows A = A 1 1  - (A:2/A22) and s u b s c r i p t s  have been added to  A, 
A i j ,  and D i j  to i n d i c a t e  t h e  segment r e p r e s e n t e d :  
a l l  = 
a12 = 
a13 = 
a22 = 
a23 = 
a33 = 
b33 = 
a34 = 
b34 = 
a44 = 
(‘)z ( 2 A l l l b l  + 
( qj2(: A113b32 
2A112b2 i- A113b3 + EA) 
\ 
+ Wb3j 
I 
cos h s i n  h 
x 
(b4 - b3) s i n  h cos h 
b3 
15  
APPENDIX A 
+ EA s i n 2  x cos X s i n  X 
X b44 = (Fr[: i 3 b 3 ( 1  - 
X 
b3 
+ 2 - EA(b4 - b3) s i n  cos A] + (:)2F2 
x Y 
b3 b3 
2 
- (mn'' A44F3 + ( F ) i E I l  sin x ( 1  - cos y) + - F4 + - F5 a45 - 
x Y 
A3F3 + EA s i n  x ( 1  - cos y) + - EA(b4 - b3) (1 - COS y) COS h] + F6 
b45 = (?)I b3 
m r  mn X 
+ - F8 - D223 a47 = - L F7[(&7D123 - A44] L 
b3 
+ ( k y E A [ ( b 4  - b 3 ) 2  + A 
16 
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w Y 
L b3 
a58 = - - A44F13 + - F 1 4  
2 
a66 = (F) D113b3 + A 4 4 b 3  
a67 = [(F)? D 1 1 3  + A 4 4  (1 - COS A) 
1 7  
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and 
+ EA(:r cos2  x[(b4 - b 3 ) 2  + - A '"I 
- V) 1 - COS (x +-!-)I b3 + + -(l - cos A) 
A + Y  x F3 = - 
F4 = EA(:rIb4 - b3) (1 - cos y) cos h 
cos x sin x 
x F j  = - - 2 
18 
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1 b3 1 - cos ( A  - y) 1 - cos ( A  + y) + A -  Y X + Y  F9 =d 
1 1 - cos ( A  - y) 1 - cos ( A  + y) A - Y  A + Y  F10 = 3- + 
b3 
+ b3 - 2 - s i n  y 
Y 
cos y s i n  y 
F11 = ?(l + 
2 Y 
cos y s i n  y b3 
) + s i n  y 2 Y 
AY 
b3 
2 
F17 = (F) D663F10 - - D223F9 
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. 2  
F18 = FA(fi2) [ (bq - b3)2 + "1 s i n  y cos 
4 
L A 
The s t a b i l i t y  e q u a t i o n s  (A14) z r e  a homogeneous se t .  To o b t a i n  a n o n t r i v -  
i a l  s o l u t i o n  for t h e  b u c k l i n g  s t r a i n  t h e  d e t e r m i n a n t  of t h e  m a t r i x  m u s t  v a n i s h .  
The b u c k l i n g  s t r a i n  is t h e  lowest v a l u e  of t h e  a p p l i e d  s t r a i n  E t h a t  s a t i s -  
f i e s  t h i s  e q u a t i o n  for v a r i o u s  v a l u e s  of X I  y I  and m.  As i n  r e f e r e n c e  I f  
sugges t ed  t r i a l  v a l u e s  a r e  A = 0 . 1 ~ ~  0 . 3 ~ 1  0 . 5 ~ ~  0.7~1 and y = X + 0 . 5 ~ .  
20 
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LOCAL BUCKLING OF SANDWICH-BLADE STIFFENED COMPRESSION PANELS 
An a n a l y s i s  is developed  for t h e  sk in -on ly  l o c a l  b u c k l i n g  of wide, s i m p l y  
suppor t ed ,  sandwich-blade s t i f f e n e d  p a n e l s  loadec! i n  a x i a l  compression. The 
method of a n a l y s i s  used is t h e  method of v i r t u a l  w o r k  i n  c o n j u n c t i o n  w i t h  cen-  
t r a l  f i n i t e  d i f f e r e n c e s .  For  t h i s  mode of b u c k l i n g  t h e  b l a d e  s t i f f e n e r  d o e s  
n o t  deforrr! b u t  s e r v e s  tc clamp t h e  s k i n  a t  t h e  p c i n t  o f  a t t a c h m e n t .  A s k e t c h  
of t h e  model s t u 3 i e d  is shown h e r e :  
For t h e  mode consiE 'ered,  t h e  slope a t  y = 0 is z e r o .  For  t h i s  model s t r e t c h -  
i ng  and bending a re  uncoupled and,  €or b u c k l i n g ,  o n l y  bending  must be  cons id -  
e r e d .  The v i r t u a l  w o r k  d u r i n g  buck l ing  is 
where 
Mx = DllKx + D12Ky 
My = D22Ky + D12Kx 
Kx = -w,xx 
K Y  = -W, 
Kxy = -2w,xy Mxy = D66Kxy 
lllTX 
L e t t i n g  w = W(y) s i n  - i n  e q u a t i o n s  ( B l )  and ( B 2 )  and i n t e g r a t i n g  o v e r  x - L 
y i e l l s  
2 1  
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- 
where A = A 1 1  - (A:p/A22). I n  e q u a t i o n  (B3) t h e  d e r i v a t i v e s  are approximated 
us ing  c e n t r a l  d i f f e r e n c e s  as  i n d i c a t e d  i n  t h e  f o l l o w i n g ,  and t h e  t r a p e z o i d a l  
r u l e  is used f o r  i n t e g r a t i o n :  
where h is t h e  uniform mesh s p a c i n g .  Equat ion  (B3) becomes 
2 J 
where,  away from t h e  boundar i e s :  
/mn \ 2  Wn+1 - Wn I 
h 1 = D66n n t  
2 
and A i j  
e n t  and one  i f  t h e  s u b s c r i p t s  are  t h e  same, and D i j  and have t h e  sub- 
is t h e  Kroneker d e l t a  which e q u a l s  z e r o  i f  t h e  s u b s c r i p t s  are d i f f e r -  
22 
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s c r i p t  n t h a t  refers to  n o d a l  po in ts .  The e x p r e s s i o n  (B6) f o r  t h e  v i r t u a l  
w o r k  depends on t h e  d i s p l a c e m e n t s  W, s p e c i f i e d  a t  t h e  n o d a l  p o i n t s  w i t h i n  and 
on t h e  b o u n d a r i e s  from n = 0 to N and a t  t h e  f i c t i t i o u s  p o i n t s  -1 and N + l  
o u t s i d e  t h e  b o u n d a r i e s .  To a p p l y  t h e  method o f  v i r t u a l  w o r k  it is  n e c e s s a r y  
t h a t  t h e  d i s p l a c e m e n t s  Wn and t h e  v i r t u a l  d i s p l a c e m e n t s  6 W n  s a t i s f y  geo- 
metric boundary c o n d i t i o n s .  The boundary c o n d i t i o n s  s p e c i f i e d  a r e  
Zero s l o p e  a t  y = 0 or,  t h e r e f o r e ,  W - 1  = Vi1 
Zero d e f l e c t i o n  a t  y = b l  + b2 or, t h e r e f o r e ,  WN = 0 
Zero s l o p e  a t  y = b l  + b2 or, t h e r e f o r e ,  WN+, = WN,, 
These c o n d i t i o n s  a f f e c t  t h e  a ' s ,  b ' s ,  and C 'S ,  so t h a t  t h e  f o l l o w i n g  d e f i n i -  
t i o n s  m u s t  be used i n s t e a d  of t h e  c o r r e s p o n d i n g  g e n e r a l  e x p r e s s i o n s :  
w 1  - wo 
bo = 2D220 
h2 
L 
wN- 1 
h = 2D22N - 
h2 
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The v i r t u a l  w o r k  becomes 
r 
+ .  . . 
S e t t i n g  t h e  v i r t u a l  w o r k  e q u e l  to  z e r o  and, t h e r e f o r e ,  r e q u i r i n g  t h a t  t h e  
c o e f f i c i e n t s  of t h e  v i r t u a l  d i s p l a c e m e n t s  v a n i s h  l e a d s  to  t h e  s t a b i l i t y  equa- 
t i o n s  (for example, w i t h  N = 8 ) :  
I 
8 
i 
i 
F 
where 
0 0 0 a12 a13 
a2 2 a23 a24 0 0 
a33 a34 a35 O 0 
"44  a45 a46 O 
a55 "56 a57 
a66 "67 a68 
Sym.e t r i c  
= o  
n 
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2 2/ ' ' 
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1 
1 
a13 = D221 - 
h4 
1 ~ 
a68 = D226 - 
h4 
The D ' s  and A's m u s t  be a s s i g n e d  v e l u e s  a c c o r d i n g  to t h e  n o d a l  p o i n t  
r e p r e s e n t e d .  I n  t h e  neighborhood of t h e  jump i n  s t i f f n e s s  a l l  t h e  D ' s  and 
A's shou ld  be a s s i g n e d  v a l u e s  based on t h e  segment (of width h)  c e n t e r e d  
on t h e  n o d a l  p o i n t s  e x c e p t  €or 
on t h e  segment between n o d a l  p o i n t s .  
D66 which shou ld  be a s s i g n e d  a v a l u e  based 
The s t a b i l i t y  e q u a t i o n s  (BlO)  a r e  a homogeneous set ,  and to g e t  a n o n t r i v  
i a l  s o l u t i o n  f o r  t h e  b u c k l i n g  s t r a i n  t h e  d e t e r m i n a n t  of t h e  m a t r i x  m u s t  v a n i s h  
The b u c k l i n g  s t r a i n  is t h e  lowest v a l u e  of t h e  a p p l i e d  s t r a i n  E t h a t  s a t i s -  
f i e s  t h i s  e q u a t i o n  f o r  v a r i o u s  v a l u e s  of m. Computat ions were based on N = : 
26 
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TABLE I.- MATERIAL PROPERTIES 
(a )  Graph i  te/epoxy 
Modulus i n  f i b e r  d i r e c t i o n ,  GPa . . . . . . . . 1 3 1  
Modulus normal  t o  f ibers ,  GPa . . . . . . . . . 13.0 
Shea r  modulus,  GPa . . . . . . . . . . . . . . 6 .41  
Major P o i s s o n ' s  r a t i o  . . . . . . . . . . . . . 0.38 
Dens i ty ,  Mg/m3 . . . . . . . . . . . . . . . . 1.52  
Th ickness ,  "/ply . . . . . . . . . . . . . 0.14 
(b) Aluminum honeycomba 
__ 
Dens i ty ,  
kg/m3 
.~ __ - 
24 
32 
48 
64 
80 
96 
112 
128 
14  4 
16  0 
.. 
aRefe rence  4. 
_ -  - - 
Major t r a n s v e r s e  
s h e a r  modulus,  
GPa 
0.117 
.159 
.262 
.393 
.524 
.641 
.786 
.938 
__ . 
1.08 
1.21 
. 
Minor t r a n s v e r s e  
s h e a r  modulus,  
GPa 
0.062 
.083 
.138 
.193 
.262 
.324 
.372 
.427 
,469 
.483 
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TABLE 11.- DESIGN LOAD AND MASS FOR SIMPLY SUPPORTED PANELS 76.2 c m  LONG 
0.0047 
,0043 
.0043 
,0044 
- 0 0 5 1  
P a n e l  
I 
0.0047 0.0045 
.0050 .0048 
,0052 .0042 
.0040 .0041 
- 0 0 5 1  - 0058 
Modera te ly  loaded  
L i g h t l y  loaded  
P a n e l  
l e n g t h ,  
c m  
17.9 
26.7 
30.7 
76.2 
76.2 
Honeycomb- 
core 
d e n s i t y ,  
k d m 3  
48  
16 0 
48 
Theore t i c a l  
buck l i n g  
l o a d  , 
MN/m 
1.15 
1.36 
.53 
Theor e ti c a  1 
b u c k l i n g  
s t r a i n  
0.0044 
.0051 
.0046 
TABLE 111.- BUCKLING STRAINS AND MODES 
S t r a i n ,  E r Honeycomb- core 
d e n s i t y ,  P r e s e n t  NASTRAN Experiment  
kg/m3 1 t h e o r y  I 1 
48 
48 
48 
48 
160 
~ 
b!ass/Plan area, 
kg/m2 
4.29 5.73 I 
Buckles  a l o n g  p a n e l  lengtk: 
P r e s e n t  NASTRAN Experiment 
t h e o r y  r-r- 
d e s i g n  
4 
a 1  
a 2  
a 2  
a1 
L i g h t l y  loaded  p a n e l  d e s i g n  
4 0 - 6  .6 I :: lo::: 1 1 O::::; 1 ; 1 --i 
a I g n o r e s  b u c k l e  a t  p a n e l  ends  r e s u l t i n g  from clamped-end b i a x i a l  
stress f i e l d .  
29 
w 
0 
t l  
2 
Skin a n d  attached flange - 
2 
b4 b3 
t45" Plies - 90" Plies 
Honeycomb 
- 
2 2 
t5 ++  - - t5 
2 2 
Figure 1.- Configuration options and design variables used in minimum-mass design procedure. 
Mass 
index , 
50 
30 
10 
W/AL , 
1 
Load index, N/L,  MPa 
Figure 2.- Compression-load Structural eff iCienCy comparison for graphite/epoxy blade, 
sandwich-blade, and hat-stiffened panels. kg/m3 = 36.1 x lbm/in3; m a  = 145 psi. 
1 
I I- 8.53 -- 
(a) Moderately loaded design. 
13.24 
[ C45/i45/O,/?45/545lT 
(b) Lightly loaded design. 
Figure 3.- Cross-sectional dimensions of panel designs considered. 
(All dimensions are in centimeters.) 
32 
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- 
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Buckling 
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Ii 
*OO6 I- 
- Present analysis 4a 
BUCLASPP (ref. 8) --- 
0 NASTRAN (ref. 9 )  
T w i  s t i  n g 
Column \ 
Figure 4.- Comparison of analytical results for compressive buckling strain of 
moderately loaded sandwich-blade stiffened composite panel with panel buckle 
length. 
,010 
,008 
,006 
Buck1 i n g  
s t r a i n  
,004 
,002 
0 
Presen t  a n a l y s i s  
--- BUCLASPZ ( r e f .  8 )  
3 Core d e n s i t y ,  kg/m 
I \  /-  
Local  ( s k i n  o n l y )  
--- --- I -- - 7- 
Twi s t i n g  
Column \ 
I I I I 1 1 1  I I I I I 1 1 1  I 
4 6 8 10 20 40 60 80 100 200 2 
Buck le  l e n g t h ,  cm 
Figure 5.- Comparison of analytical results €or compressive buckling strain of 
lightly loaded sandwich-blade stiffened composite panel with panel buckle 
length . 
I010 
I 008 
Buck1 ing 
s t r a i n  
I 006 
I 004 
I002 
0 
Core d e n s i t y ,  kg/m 3 
e 
48 160 
1 Exper iment  
+ @ NASTRAN 
- ----Present a n a l y s i s  
I -- 
\ 
-\ 
\ 
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0 
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Panel l e n g t h ,  cm 
Figure 6.- Compressive buckling strains for moderately loaded sandwich-blade stiffened composite panel. 
Buck1 i n g  
s t r a i n  
.006 
.005 
.004 
.003 
.002 
.OOl 
0 
. 
Present analysis 
Typical buckle pattern 
I I I I I I I I I I 
0 20 40 60 00 100 
Panel length, cm 
L-78-1 1 3  
Figure 7.- Compressive buckling strains for lightly loaded sandwich-blade 
stiffened composite panel. Core density, 48 kg/m3. 
. _- - 
w 
4 
L = 30.7 cm 
L = 17.9 cm 
L = 76.2 cm L = 26.7 cm L = 76.2 cm 
(a) 48 kg/m3 aluminum-honeycomb 
core density. 
(b) 160 kg/m3 aluminum- 
honeycomb core density. 
L-78-114 
Figure 8.- Moire fringe patterns showing skin buckling of moderately loaded 
sandwich-blade stiffened composite panel. 
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